Fuzzy polynomial equations (FPEs) don't have algebraic solutions, generally. In this paper, we first, express and prove some relationships between Husdroof meter and length function on classes of triangular fuzzy numbers. We appraise the behavior of fuzzy polynomials by using the length function properties. Next, we transform a FPE into a generalized fuzzy polynomial equation (GFPE) and introduce generalized solutions and minimal generalized solutions concepts of FPEs. Finding minimal generalized solutions are discussed theoretically, in details. Finally, some numerical examples are given, illustrating our results.
Introduction
Solving the equations especially, the polynomial equations is one of important and application subjects in mathematics, engineering and social sciences. If polynomial coefficients be uncertain then, we will have deal to a FPE. Fuzzy polynomials are useful for interpolating and approximating of fuzzy-valued functions (see for example [1, 2, 3] ). A FPE usually, is considered as one of the two following forms (see [4, 5, 6, 7] ); a 0 + a 1 x + a 2 x 2 + ... + a n x n = 0, (1.1)
Where 0 is almost zero fuzzy number, a 0 , a 1 , ..., a n are fuzzy numbers and unknown x can be a crisp number or a fuzzy number. The research on fuzzy linear equations based on interval arithmetic and also, some researches on fuzzy linear systems can be seen in [8, 9, 10, 11, 12] . Many researchers have been studied on algebraic solutions methods of FPEs [5, 6, 7, 13, 14] . Generally, an algebraic solution is a solution of an equation that it holds in one equation. A numerical method for solving FPEs in form (1.1) is given in [5] . Obtaining numerical solutions of FPEs in form (1.2) based on Newton-Rafsoon method is considered in [13] . The methods that have been proposed for finding the algebraic solutions are practically applicable, but FPEs don't have algebraic solutions, usually. In this article, we will focus on this problem. For this end, we consider a fuzzy equation in the following form which called generalized representation of one equation
where I is a set of fuzzy arithmetical operators, z is almost zero fuzzy number and a = ( a 0 , a 1 , · · · , a n ) is a vector of fuzzy numbers that are used in low F and x is a crisp number. The equation (1. 3) is said a GFPE if F is appeared a fuzzy polynomial. Next, we obtain the algebraic solutions of GFPE and introduce the minimal generalized solutions of original FPE.
This paper is organized as follows; In section 2, we review, some fuzzy primal definitions and require concepts. We also, study Hukuhara difference (Hdifference), Husdroof meter and length function properties on special classes of triangular fuzzy numbers. In section 3, we first point out that a FPE doesn't have algebraic solutions, usually and define generalized fuzzy equation of a given fuzzy equation and generalized solutions concept. Also, we consider the representations of GFPEs appropriate to the equations (1.1) and (1.2), in details. In section 4, we appraise behavior fuzzy polynomials by using length function properties and introduce minimal generalized solutions concept of FPEs. Also, we theoretically, obtain the minimal generalized solutions associated by equations (1.1) and (1.2) (if exist). In section 5, we solve some numerical examples for illustrating our results. In finally, we give a real application of generalized solutions, in section 6.
Preliminaries and notations
We denote by R F the set of all fuzzy numbers that are defined on real axis R. A fuzzy number a in parametric form is a pair (a, a) of functions a(r), a(r), 0 ≤ r ≤ 1, that satisfies the following requirement; 1. a(r) is a bounded monotony increasing left continuous function. 2. a(r) is a bounded monotony decreasing left continuous function.
Obviously R ⊆ R F . Let a = (a, a), and b = (b, b) ∈ R F , some results of applying fuzzy arithmetic on fuzzy numbers a and b are as follows:
We denote the r-cuts of a fuzzy number a as
is membership degree of x in the fuzzy number a (see [15, 16] ). The metric structure is usually, given by the Hausdorff distance between fuzzy numbers as D H :
is a complete and separately metric space, (see [6] and [15] ). 
Proof. See Proposition 2.2 in [17] .
An immediate property of Proposition 2.1 is that 
A special class of fuzzy numbers is known as triangular fuzzy numbers, given
. We denote by R T F the set of all triangular fuzzy numbers. If a ∈ R T F , then the interval [a l , a u ] is called Support a and it is denoted Supp( a). For simplicity in calculations, we work to triangular fuzzy numbers, in the rest of paper. It is noteworthy that if a ∈ R F then the nearest triangular fuzzy number to a exists which can be employed instead a (see for example [19] and [20] ).
Definition 2.4. We say two triangular fuzzy numbers a and b are namesake, with name k, if
[ a] 1 = [ b] 1 = k. We denote by k R T F
the set all namesake triangular fuzzy numbers, with name k.
The following lemma is useful, throughout the rest of the paper.
two namesake triangular fuzzy number, i.e. a s = b s . In this case (i). The H-difference a ⊖ b exists if and only if Supp
Proof. (
Conversely, let us assume that, Supp( b) Supp( a) and Supp( a) Supp( b)
. Then, one of the two following cases will occur
Let us consider case (a), the proof is similar to one for case (b). According to case (a), we have a l − b l > 0 and
Consequently, the proof is completed.
It is easy to see that the inequality given Lemma 2.1, (ii), will be changed to equality, if and only if we have a l = b l or a u = b u . Furthermore, if the condition (ii) is holds, for given two namesake numbers a, b ∈ R T F , then small quantity |L 0 ( a) − L 0 ( b)| guarantees small quantity the Hausdorff meter between two fuzzy numbers a and b.
is a norm.
Proof. It is easy to check that the function ∥ · ∥ L has all requirement properties of a norm on R T F .
Generalization of a FPE
Let us, first, point out to simple equation ax = b with a = (a l , a s , a u ) and b = (b l , b s , b u ). This equation doesn't have algebraic solution, usually. Because, the existence of such a solution is dependent to fuzzy numbers a and b, in general case. In fact, if x is algebraic solution of it, so x must be holds in the three following crisp equations, simultaneously
Whereas, a crisp number can be solution for only one of above crisp equations. This situation will be harder in order to finding fuzzy algebraic solution. Because, the product two triangular fuzzy numbers is approximated as a triangular
International Scientific Publications and Consulting Services fuzzy number, generally. Moreover, if the equation be of upper degree, then possibility of existence algebraic solutions will be very lower. Therefore, we can not solve more of fuzzy equations, if we want to deal with algebraic solutions of fuzzy equations. For overcome this situation, we define the generalized solutions set of a fuzzy equation. In the rest of paper, the word solution used instead the word algebraic solution, for simplicity. 
where z ∈ 0 R T F , is a generalization of P, whenever for any solution x of P, there exists z x ∈ 0 R T F such that the pair (x, z x ) satisfies D. 
An immediately consequent of Definition
where b is a given fuzzy number belong to 0 R T F . For finding a generalization of (1.2), we first, suggest two following pattern
Based on Proposition 2.1 the representation (3.5) is a generalization of equation (1.2). The following theorem shows that the representation (3.6) can not be a generalization of equation (1.2), in general case. 
The number x is a solution of (1.2) if and only if
i.e.
is a solution of equation (3.6).
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Minimal generalized solutions of FPEs
In this section, we consider a FPE in generalized forms (1.1) and (3.5). We first, appraise the behavior of a fuzzy polynomial based on length function as the following result. 
Proof. (i).
For each x ∈ I, since x ≥ 0 we get
So that,
. Therefore, the length function is non decreasing on the interval I.
(ii). For each x ∈ I, since x ≤ 0, we get
We conclude
We result that ∂ ∂ x L r ( P n (x)) ≤ 0. Consequently, the length function is non increasing on the interval I. Now, we consider the equations (1.1) and (3.5). According to Theorem 4.1, we find that if (x 1 , z 1 ) and (x 2 , z 2 ) are two solutions of (1.1), such that 0
Consequently, the number z 1 is nearer to singleton zero with respect to norm L. Moreover, if (x, z x ) be a solution of (3.5), then x should be a solution of the following crisp equation
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By considering Remark 2.1 and Lemma 2.1, (i), the gh-difference
. In this case, from Proposition 2.1 and Lemma 2.1(ii), we obtain that
It gives us that, the norm L on the set 0 R T F is a suitable norm for sorting set contain all solutions of equations (1.1) and (3.5). 
It is noteworthy that the minimal generalized solution (x, z x ) of a given FPE is a generalized solution of it such that z x has lowest deviation of singleton zero with respect to norm L, compared with other generalized solutions. The following result is immediately. Proof. Suppose that (x r , z r ) be a solution of (1.1) such that satisfies in (4.7). For each another generalized solution (x j , z j ) by using Theorem 4.1 and Proposition 2.2, we obtain
Conversely, assume that (x r , z r ) is a minimal solution of equation (1.1) and the solution ( 
5). Consider two set of indexes as follows
and set
Then the pair (x r , z r ) is a minimal solution of (3.5) , if and only if
Proof. Let us assume that (x r , z r ) is minimal solution of (3.5) and r ∈ I a . The proof with the assumption r ∈ I b , is similarly. 
Conversely, it is sufficient we prove that
and
Therefore, inequality (4.9) is true. The inequality (4.10) is true, too. Because for j ∈ I b , we have
Consequently, equality (4.8) is true and the proof is completed. 
Numerical examples
In this section, we introduce some numerical examples, illustrating our theoretical results. We assume that 1-cut solutions of given equation are found or approximated by a numerical method. Example 5.2. Consider a GFPE as follows
The values x 1 = −1, x 2 = 0.5 and x 3 = 1 are solutions of the 1-cut equation related to equation (5.12 a i x i ) . Therefore, the fuzzy polynomial can not be equal to every given fuzzy number. Suppose that the decision maker wants to know the fuzzy polynomial ∑ n i=0 a i x i how much can be close to the fuzzy number a, in this case the our method calculates the fuzzy polynomial at a point x, such that it is a fuzzy number nearest to a, with respect to the norm L. (6.14) , which says the rate r = 0.0819 with deviation ∥(−0.4118, 0, 0.4077)∥ L = 0.8195 is solution.
Conclusion
In this work, we first, point out algebraic solutions of fuzzy polynomial equations don't exist, generally. For overcome this situation, we have proposed a generalized fuzzy polynomial equation of a given fuzzy polynomial equation and introduce generalized solutions and minimal generalized solutions concept of fuzzy polynomial equations. We obtain these solutions as theoretically, applying numerical examples.
